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SECTION 3: NOTATION

We define � to be the ray state vector where

� ⌘ [x, y, ✓, 1]T

such that a ray � is at position (x, y) and directed at

angle ✓ with respect to the positive x-axis.
Unlike the paraxial propagation matrices, non-

paraxial propagation matrices depend on x, y, ✓ 2 � such

that x, y, and/or ✓ are in a propagation matrix. This

mandates that � is incrementally (in single steps) and

chronologically (from initial-state to final-state) propa-

gated through a system. This can be written as

�0
= (Pn (Pn�1 (. . . (P2 (P1�)) . . .)))

where P = {P1, . . . ,Pn} is a set of propagation matrices

and �0
is the final transmitted ray. To more easily notate

this, we define a matrix propagation operator ⌅ which is

used to create directed processes, such that

�0
=⌅ P � � ⌘ (Pn (Pn�1 (. . . (P2 (P1�)) . . .))) .

SECTION 4: RAY PROPAGATION MATRICES
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FIG. 3: Visualization of ray propagation in a one-lens

optical system. We track the initial ray �i to two arbitrary

final states �f and �0
f where

�f =⌅ �
Ti1,R1, T12,R2, T2f

 
� �i and

�0
f =⌅ �

Ti1,R1, T12,M2, T21

 
� �i.

In this section, we present matrices for translation (T ),

refraction (R), and reflection (M) that enable the propa-

gation of a ray through an arbitrary optical system com-

posed of surfaces which pass the horizontal line test.

The most general form of a lens surface L in our optical

system is an ellipse

1 =


(x0

� xl) cos�+ (y0 � yl) sin�

rx

�2

+


(x0

� xl) sin�� (y0 � yl) cos�

ry

�2
(1)

such that (x0, y0) 2 L where rx and ry are the x- and

y-radii of the ellipse respectively, (xl, yl) is the center

position of the ellipse, and � is the angular rotation of

the ellipse about its center. To distinguish between the

two sides of the ellipse, we define rx < 0 to indicate

that the surface is the left side of the ellipse (< xl), and

rx > 0 denotes that the surface is the right side of the

ellipse (> xl). Additionally, when rx ⇡ 0, (1) becomes a

linear surface such that

y0 � yl ⇡ tan(�+ ⇡/2)(x0
� xl). (2)

Likewise, a circular surface can be found from (1) when

rx = ry = r such that

r2 = (x� xl)
2
+ (y � yl)

2. (3)

4.1: Translation Matrix

In this section, we find the translation matrix T that

translates a ray � = [x, y, ✓, 1]T to the point (x0, y0) 2 L

such that

�0
= [x0, y0, ✓, 1]T = T �.

To find (x0, y0) we start by writing �’s direction which

can be written in point-slope form as

y0 = m(x0
� x)� y, (4)

where m = tan ✓ and x, y, ✓ 2 �. Then, we simply find

where (4) intersects the surface (1):

x0
=

�c2 + (rx/|rx|)
p

c22 � 4c1c3
2c1

, (5)

where

c1 =
�
m2r2y + r2x

�
sin

2 �+
�
m2r2x + r2y

�
cos

2 �+m
�
r2y � r2x

�
sin 2�,

c2 =(rx � ry)(rx + ry)((m(x+ xl)� y + yl) cos 2�+ (xl �m(mx� y + yl)) sin 2�)�
�
r2x + r2y

�
(m(mx� y + yl) + xl),

c3 =(r2y(mx� y + yl)
2
+ r2xx

2
l ) sin

2 �+ (r2x(mx� y + yl)
2
+ r2yx

2
l ) cos

2 �+ xl(ry � rx)(rx + ry)(mx� y + yl) sin 2�� r2xr
2
y.
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